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Systematic investigations of the electric dipole (E1) modes of excitation are performed using the
canonical-basis time-dependent Hartree-Fock-Bogoliubov (Cb-TDHFB) theory. The Cb-TDHFB is
able to describe dynamical pairing correlations in excited states of nuclear systems. We apply the
method to the real-time calculation of linear response in even-even nuclei with Skyrme functionals.
Effects of shell structure, neutron skin, deformation, and neutron chemical potential (separation
energy) are studied in a systematic way. This reveals a number of characteristic features of the
low-energy E1 modes. We also find a universal behavior in the low-energy E1 modes for heavy
neutron-rich isotopes, which suggests the emergence of decoupled E1 peaks beyond N = 82.
I. INTRODUCTION
Elementary modes of excitation provide us with fun-
damental information on quantum many-body systems.
A novel structure in the ground state may lead to a new
type of elementary excitations. In studies of radioactive
isotopes, the low-energy electric dipole (E1) modes of ex-
citation, Pygmy dipole resonance (PDR), are currently of
significant interest.
The giant dipole resonance (GDR) at high frequency
is a fundamental mode of excitation in finite nuclei. The
GDR is universally observed in all nuclei, from light to
heavy, from stable to unstable isotopes, and exhausts al-
most 100 % of the energy-weighted sum rule (EWSR)
value. It is also know to reflect bulk properties of nu-
clei, such as the symmetry energy. In contrast, the PDR
is sensitive to structure of an individual nucleus. Since
most of the E1 strength is carried by the GDR, the E1
strength of low-energy states is known to be significantly
hindered. The presence of substantial E1 strength in
the PDR implies that the structure of the nucleus is sig-
nificantly different from our conventional understanding.
Thus, it is important to identify the basic property and
the origin of the PDR.
The low-energy dipole states have been observed in a
number of nuclei; neutron-rich O isotopes [1, 2], 26Ne
[3], stable Ca isotopes [4, 5], 56Fe and 58Ni [6], 68Ni [7],
88Sr [8], 90Zr [9, 10], Sn isotopes [11–15], N = 82 iso-
tones [16–21], and stable Pb isotopes [22–26]. The ob-
served low-energy E1 strength exhausts less than 1 % of
the Thomas-Reiche-Kuhn (TRK) sum-rule value in sta-
ble isotopes, while it may amount up to about 5 % in
neutron-rich nuclei.
Theoretically, the PDR has been commonly investi-
gated using the (quasi-particle) random phase approxi-
mation ((Q)RPA) [27–43]. There are some calculations
beyond the (Q)RPA as well [44–49]. However, even in
the (Q)RPA level, different models often predict differ-
ent properties. The nature of the PDR is still elusive
with a lack of general agreement.
In order to clarify properties of the PDR, we think
it important to study a variety of isotopes systemati-
cally, from light to heavy, from spherical to deformed,
and from normal to superfluid nuclei. Using a tech-
nique of the finite amplitude method [50–56], a system-
atic investigation for the PDR has been carried out for
nuclei up to Z = 40 in Ref. [57], in which the pairing
correlations were neglected. In this article, we report
an extended analysis to heavier region, taking into ac-
count the pairing correlations. To perform the study,
we utilize the canonical-basis time-dependent Hartree-
Fock-Bogoliubov (Cb-TDHFB) method [29]. We carry
out the systematic calculation for the E1 modes of ex-
citation, with a parallelized computer code for the real-
time evolution of the Cb-TDHFB equations in the three-
dimensional (3D) coordinate-space representation. The
method is able to take a full account of nuclear defor-
mation of any kind, and treat the paring correlation in
a BCS-like scheme, both in static and in dynamic na-
tures. The numerical cost of the Cb-TDHFB method is
significantly smaller than that of the normal QRPA cal-
culations [29], which enables us to perform a systematic
analysis for nuclei in a wide region of nuclear chart. How-
ever, since the BCS-like treatment of the pairing correla-
tion leads to the neutron gas problem very near the drip
line[58], we limit our studies to nuclei with the neutron
separation energies larger than 2.0 MeV.
The nature of the low-lying modes of excitation in nu-
clei is still an open issue. Especially, the E1 modes in
neutron-rich nuclei attract much attention with a sim-
ple geometrical picture that the excess neutrons in the
nuclear surface region oscillate against the core of the
nucleus. This interpretation of the PDR as the “neutron-
skin mode” was originally discussed using hydrodynam-
ical models [59–61]. Then, naturally, one may expect
that the collectivity of the low-energy E1 transitions has
a certain connection to a property of the excess neutrons
and the neutron skin thickness. The correlation between
the E1 collectivity of PDR and the neutron skin thick-
ness has been microscopically studied using the (Q)RPA
2[34, 57, 62]. Similar analysis has been performed for the
correlation between the E1 collectivity of PDR and the
isovector nuclear matter properties, such as the symme-
try energy [14, 42, 62, 63]. The current situation is that,
although everybody agrees with the existence of certain
correlation among them, it is not well settled yet how
strong the correlation is.
In this paper, we carry out the systematic linear-
response calculations for E1 mode for over 300 kinds
of nuclei. Properties of the PDRs are investigated in
terms of their isotopic dependence as a function of neu-
tron number, their relation to the neutron skin thickness
and the separation energy, and deformation effect.
The paper is organized as follows. In Sec. II, we present
the Cb-TDHFB method and real-time calculation of the
E1 strength functions. The definition of PDR fraction to
quantify the low-lying strength is given, and the model-
space dependence of the numerical results is examined.
In Sec. III, we show variation of the PDR strengths
with respect to the neutron number and the neutron-skin
thickness, for nuclei in a wide mass region with Z ≤ 50.
We also discuss the functional dependence of the PDRs
in Sn isotopes with the Skyrme parameter sets of SkM∗
and SkI3. Section IV presents the deformation effects on
the PDR. The K = 0 dominance of the PDR fraction
is observed for nuclei with the prolate shapes. We ex-
amine its relevance to the orientation dependence of the
neutron-skin thickness. In Sec. V, we discuss the PDRs
of heavy isotopes around N = 82. The present study
suggests the existence of PDR peaks are not hindered by
the coupling to GDR. Finally, the conclusion is given in
Sec. VI.
II. FORMULATION AND NUMERICAL
DETAILS
In this section, we recapitulate the Cb-TDHFB
method for the calculation of strength functions [29].
Let us first express the normal and pair densities,
(ρµν(t), κµν(t)), in terms of canonical pairs of states,
(φk(t), φk¯(t)). Here, the indices µ, ν mean arbitrary
single-particle basis.
ρµν(t)=∑
k
ρk(t) {〈µ|φk(t)〉〈φk(t)|ν〉 + 〈µ|φk¯(t)〉〈φk¯(t)|ν〉} ,
(1)
κµν(t)=∑
k
κk(t) {〈µ|φk(t)〉〈ν|φk¯(t)〉 − 〈ν|φk(t)〉〈µ|φk¯(t)〉} ,
(2)
where ρk(t) and κk(t) are the occupation and the
pair probabilities, respectively, which can be written as
ρk(t) = |vk(t)|
2 and κk(t) = uk(t)vk(t) using the time-
dependent (u, v) coefficients in the canonical representa-
tion [64]. All we need to calculate are the time evolution
of φk(t), φk¯(t), ρk(t), and κk(t). Equations to determine
their time evolution will be given in the following. Note
that the density operators, (ρµν , κµν), in the left-hand
side of Eqs. (1) and (2) are matrices with two indices,
while (ρk, κk) in the right-hand side have a single index.
A. Energy density functional
The energy density functional is given by the sum of
the Skyrme density functional, ESky[ρ], and the pairing
energy functional, Epair[κ, κ
∗].
Etot[ρ(t), κ(t), κ
∗(t)] = ESky[ρ(t)] + Epair[κ(t), κ
∗(t)].
(3)
For the Skyrme energy functional, the SkM∗ parameter
set is used, unless otherwise specified. For the pairing
part, we adopt a simple functional of a form
Epair[κ(t), κ
∗(t)] = −
∑
τ=n,p
∑
k,l>0
Gτklκ
τ∗
k (t)κ
τ
l (t)
= −
∑
τ=n,p
∑
k>0
κτ∗k (t)∆
τ
k(t), (4)
where the gap parameter ∆k(t) are given by
∆τk(t) =
∑
l>0
Gτklκ
τ
l (t). (5)
Here, Gτkl = g
τf(ε0k)f(ε
0
l ) and the constant g is deter-
mined by the smoothed pairing method [65]. The cut-
off function f(ε0k) depends on the single-particle energy
of the canonical state k at the Hartree-Fock plus BCS
(HF+BCS) ground state. The f(ε) is written as
f(ε) =
(
1 + exp
[
ε− ǫc
0.5 MeV
] )−1/2
θ(ec − ε), (6)
with the cut-off energies
ǫc = λ˜+ 5.0 MeV, ec = ǫc + 2.3 MeV, (7)
where λ˜ is the midpoint of the highest occupied level
and the lowest unoccupied level in the Hartree-Fock (HF)
state. Here, the cut-off parameter ec is necessary to pre-
vent occupation of spatially unlocalized single-particle
states. For neutrons, if ec becomes positive, we replace it
by zero [66]. Because of this limitation of the HF+BCS,
we restrict our study to nuclei with the neutron separa-
tion energy larger than 2.0 MeV.
B. Cb-TDHFB equations
Using the energy functional of Eq. (3), we may de-
rive the Cb-TDHFB equations based on the full TD-
HFB equation with an assumption that the pair poten-
tial is “diagonal” in the canonical basis. Although the
Block-Messiah theorem[64] guarantees the existence of
3the canonical form for the TDHFB state at any time,
we need this diagonal assumption of the pair potential
in order to keep the Cb-TDHFB equations in a simple
form during the time evolution. The details are given in
Ref. [29]. The Cb-TDHFB equations are given by
i
∂
∂t
|φk(t)〉 = (h(t)− ǫk(t))|φk(t)〉, (8a)
i
∂
∂t
|φk¯(t)〉 = (h(t)− ǫk¯(t))|φk¯(t)〉, (8b)
i
d
dt
ρk(t) = κk(t)∆
∗
k(t)− κ
∗
k(t)∆k(t), (8c)
i
d
dt
κk(t) = (ǫk(t) + ǫk¯(t))κk(t) + ∆k(t) (2ρk(t)− 1) ,
(8d)
where the parameter ǫk(t) are taken as ǫk(t) ≡
〈φk(t)|h(t)|φk(t)〉, to minimize the phase change of the
canonical states. In this article, we adopt the natural
unit, ~ = c = 1. The single-particle Hamiltonian h(t)
is defined as usual, a derivative of the energy functional
E[ρ, κ] with respect to the density, hµν(t) ≡ ∂E/∂ρνµ
These are the basic equations to determine the time
evolution of the canonical states, |φk(t)〉 and |φk¯(t)〉,
their occupation ρk(t), and pair probabilities κk(t). We
use the 3D Cartesian coordinate-space representation
for the canonical states, φk(~r, σ; t) = 〈~r, σ|φk(t)〉 with
σ = ±1/2. Thus, each canonical state is represented by
three discrete indexes (ix, iy, iz) for the 3D mesh points;
(x, y, z) = (ix, iy, iz)× d.
C. Real-time calculation of strength functions
The E1 strength function in the linear response can be
obtained in the real-time calculation with a perturbation
of the E1 field. The ground state is prepared by the
HF+BCS calculation using the imaginary-time method.
Then, we add a weak impulse external field Vext(~r, t) =
−ηFˆK(~r)δ(t) to start the time evolution. Here, FˆK(~r) is
the E1 operator with recoil charges,
FˆK(~r) =
{
(Ne/A)rY1K(rˆ) for protons
−(Ze/A)rY1K(rˆ) for neutrons
. (9)
Thus, at time t = 0+, the initial state of the time evo-
lution is given by φk(~r, σ; t = 0+) = e
iηFˆK(~r)φ0k(~r, σ),
ρk(t = 0+) = ρ
0
k, and κk(t = 0+) = κ
0
k, where the super-
script “0” indicates the quantities at the ground state.
Then, the expectation value of Fˆ is calculated as a func-
tion of time,
FK(t) ≡∫
d~r {(Ne/A)rY1K(rˆ)ρp(~r, t)− (Ze/A)rY1K(rˆ)ρn(~r, t)} ,
(10)
where ρτ (~r, t) =
∑
k∈τ ρk(t)
∑
σ |φk(~r, σ; t)|
2. The pa-
rameter η controls the strength of the external field. To
calculate the linear response, it should be small enough
to validate the linearity. Note that the strength function
S(E;E1) is independent from magnitude of the param-
eter η as far as the linear approximation is valid. In
the present study, we adopt the value of η = 3 × 10−5
(e fm)−1 for the E1 operator. The time step dt is 0.0005
MeV−1 and the time evolution is calculated up to T = 10
MeV−1.
The E1 strength function is calculated with the follow-
ing formula[67].
S(E;E1) ≡
∑
K=−1,0,1
∑
n
|〈n|FˆK |0〉|
2δ(E − En)
= −
1
πη
ImF(E), (11)
where En is the excitation energy of the state |n〉 and
F(E) is defined by
F(E) =
∑
K
∫
∞
0
w(t)eiEtFK(t)dt. (12)
Here, we introduce a smoothing function w(t), for which
the ideal choice would be unity, w(t) = 1. However,
because of the finite duration of the numerical time evo-
lution, the integration must stop at t = T . This requires
w(t) to be a function almost vanishing at t = T , and
leads to the finite energy resolution, ∆E ∼ 2πT . In the
following calculations, we choose w(t) ≡ e−Γt/2, where
Γ is a smoothing parameter and is set to 1 MeV. This
corresponds to the discrete strength smeared with the
Lorentzian function with the width of Γ. For spherical
nuclei, different K components in Eq. (11) are all identi-
cal. Thus, the actual numerical calculation is performed
only for one of K values and the final result is obtained
by multiplying it by three. For axially symmetric nuclei,
when the symmetry axis is chosen as z-axis, the K = 1
and −1 components are identical. The sum of them is
simply called “K = 1 component” in the following.
D. Definition of PDR fraction
To quantify the low-lying E1 strength in systematic
investigation, we use the summed energy-weighted E1
strengths in the low-energy region m1(Ec). The ratio of
this to the total sum-rule value m1,
fpdr =
m1(Ec)
m1
≡
∫ Ec E × S(E1;E)dE∫
E × S(E1;E)dE
, (13)
is referred to as “PDR fraction”, hereafter. The cut-off
energy Ec = 10 MeV is adopted in the present calcula-
tion. Figure 1 shows the E1 strength function of 26Ne
and the low-lying E1 strength in the current definition
is highlighted. The PDR fraction, defined in this way,
depends on the Ec and smoothing parameter Γ. The
present choice of Ec can be reasonably justified for rel-
atively light nuclei, however, for heavier deformed iso-
topes, it is difficult to make a clear separation between
4the PDR and GDR. Nevertheless, although its absolute
magnitude depends on Ec, the relative quantities are
sensible and useful for discussion on the low-lying E1
strengths.
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FIG. 1. Calculated E1 strength distribution and PDR
strength (filled area) for 26Ne. A vertical dashed line indi-
cates Ec = 10 MeV.
E. Determination of the model space: Box-size
dependence
The canonical orbits φk(~r, σ) is represented in the 3D
coordinate space discretized with mesh d in the sphere
of radius R. It is trivial that the numerical calculation
is easier for a smaller model space (smaller R and larger
d). However, the calculation with too small model space
could produce a qualitatively wrong answer. Roughly
speaking, the box size R (mesh size d) determines the
lowest (highest) momentum in the model space. We here
show some results to determine these model-space pa-
rameters.
Figure 2 shows the mesh-size dependence of the E1
strength function for a very neutron-rich nucleus 50S. The
result is well converged with the use of d ≤ 1 fm. In con-
trast, the box-size dependence is much more significant,
which is illustrated in Fig. 3. The solid, dash-dotted,
dash and dotted lines correspond to R = 25, 20, 12, and
8 fm, respectively. In the calculation with the smallest
space of R = 8 fm, the GDR peak is shifted to higher
energy and the low-lying E1 peak disappears. In order
to obtain a fully converged result on the the E1 strength
functions in 50S, we need a very large model space, such
as R ≥ 30 fm. It should be noted that this box-size de-
pendence is significantly weaker in stable nuclei, which
was previously investigated in Ref. [51].
It is computationally very demanding to perform a sys-
tematic study in such a large model space of R ≥ 30 fm.
Thus, we focus our study on the relative and qualita-
tive behaviors of the low-energy E1 strengths. Figure 4
shows the box-size dependence of the PDR fraction fpdr
for 50S. The result is approximately converged at R ≥ 12
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FIG. 2. Mesh-size dependence of the strength. These calcu-
lations are done in the box of R = 12 fm.
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FIG. 3. Box-size dependence of the E1 strength for 50S with
mesh size of d = 1 fm.
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FIG. 4. Box-size dependence of the fraction of the low-lying
E1 strength for 50S. The thin horizontal line is the result
obtained with R = 25 fm. The values written around symbols
are the fraction ratios obtained in each box.
fm. Figures 5 and 6 show the box-size dependence of
S(E1;E) and fpdr for a heavier neutron-rich nucleus,
132Sn. The results are almost converged at R ≥ 15 fm.
From these studies, we here adopt the model space as fol-
lows: (R, d) = (12, 0.8) fm for isotopes with Z ≤ 20, and
(R, d) = (15, 1) fm for heavier isotopes with 28 ≤ Z ≤ 50.
These model spaces lead to the number of 3D mesh points
5of about 8,000.
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We should note that the results for extremely neutron-
rich nuclei in the present paper may not be fully con-
verged, especially for light isotopes. For instance, we
have confirmed that, for Ca isotopes, the fpdr value cal-
culated with R = 12 fm and R = 15 fm are identical to
each other for N ≤ 36, while those for N > 38 shows
some difference. However, this difference is about 0.6
% at most, which does not change the conclusion of the
present study.
III. EVOLUTION OF THE LOW-ENERGY E1
STRENGTHS
In this section, we present how the PDR fraction, Eq.
(13), is evolved with respect to neutron number and pro-
ton number. All results in this section are obtained with
the SkM∗ parameter set.
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FIG. 6. Same as Fig.4, but for 132Sn. The thin line is an
eye-guide from the result of R = 25 fm case.
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A. Light nuclei in the neutron-rich side (6 ≤ Z ≤
20 and N ≥ Z)
First, we show the behavior of the low-lying E1
strength in relatively light even-even isotopes with Z =
6 − 20 which have the chemical potential larger than 2
MeV. Table I in Appendix shows the ground-state prop-
erties calculated with the HF+BCS for isotopes with
6 ≤ Z ≤ 20. The results of the HF calculation neglect-
ing the pairing correlation are also shown for compari-
son. There are some difference in the ground-state defor-
mation between HF+BCS and HF calculations, among
which 32Mg shows the largest difference, βHF2 = 0.35 and
βHF+BCS2 = 0.0. Nevertheless, for most isotopes, the
pairing correlations do not drastically change the ground-
state properties.
Figure 7 shows the neutron-number dependence of fpdr
for C, O, Ne, and Mg isotopes. The solid lines with
filled symbols indicate the present results which can be
compared with those of the Hartree-Fock-plus-random-
phase approximation (HF+RPA) [57] presented by the
6dashed lines with open symbols. The two kinds of calcu-
lations produce qualitatively same results. This confirms
that the pairing plays a minor role in the low-energy E1
strength function for these light nuclei.
The isotopes with Z = 8− 12 have fpdr less than 1.0%
for N ≤ 14. Then, there is a sudden jump in fpdr at N =
14 → 16 on every isotopic chain. The neutron number
N = 16 corresponds to the occupation of s1/2 orbit. The
important role of the weakly bound s1/2 orbit in the low-
energy E1 strengths has been discussed in Ref. [57]. The
present result confirms the pairing correlations do not
change the main conclusion. Note that the neutrons are
in the normal phase (∆n = 0) for nuclei with N = 16.
The largest deviation from the HF+RPA result is seen in
32Mg, which is due to the large difference in the ground-
state deformation.
The HF+RPA calculation predicts that the next jump
in fpdr at N = 28 → 30 [57]. N = 30 is correspond-
ing to the occupation of p3/2 orbit. This is shown in
Fig.8, for S, Ar, and Ca isotopes. The qualitative behav-
iors are identical to those of the HF+RPA calculation.
For Si, the kink of fpdr disappears because the N = 28
magicity becomes weak in the neutron-rich Si isotopes
leading to deformed shapes in the mean-field calculation
(see Tab.I). However, for S and Ar isotopes, the sudden
jump at N = 28 → 30 predicted by the HF+RPA is
now replaced by a gradual increase in the slope around
N = 28. This smooth evolution of the fpdr is caused
by the fractional occupation probability of the special
single-particle states, such as p3/2 and p1/2 orbits, due to
the pairing correlation. Again, the occupation of weakly
bound orbits with low orbital angular momenta (low-ℓ)
increases the low-energy E1 strength. Beyond N = 34,
the neutrons start occupying f5/2 orbit, which reduces
the slope in fpdr.
In contrast, for Ca isotopes, the sudden jump at N =
28 → 30 survives in the present calculation, mainly be-
cause of a large shell gap at N = 28 which makes the
neutron pairing gap vanish (∆n = 0). At N = 34, fpdr
in the present calculation becomes smaller than the re-
sult of HF+RPA. This is due to the pairing effect. In the
HF calculation, the ground state in 54Ca correspond to
the full occupation of the neutron p1/2 orbit. However,
the HF+BCS calculation produces fractional occupation
probability of p1/2 (52.4 %) and f5/2 orbits (18.2 %).
B. Medium-heavy nuclei in the neutron-rich side
(28 ≤ Z ≤ 50 and N ≥ Z)
In Fig. 9, we show the neutron number dependence
of fpdr for isotopes with Z = 28 − 50. The character-
istic cusps can be seen at N = 50 and 82, which cor-
respond to the neutron magic numbers. While the neu-
trons are filling the g9/2 intruder orbit (40 < Z ≤ 50),
the PDR fraction stays approximately constant with re-
spect to the neutron number. Especially, the isotopes
with Z = 36 − 50 (Kr−Sn) have roughly identical val-
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FIG. 9. The PDR fraction fpdr as functions of the neutron
number for even-even isotopes with Z = 28− 50 and N ≥ Z.
ues of fpdr at N ≤ 50. Beyond N = 50, the neutrons
start occupying the d5/2 orbit, then, the rapid increase
in fpdr is clearly observed in Fig. 9. These are universal
for all the isotopes shown in Fig. 9, although the cusp
behavior is weakened by increasing the proton number.
These are similar to the cusps at N = 14 and 28 in lighter
neutron-rich isotopes.
In addition, for the isotopes with Z = 32 − 44, the
convex cusps also appear at around N = 58 − 60 and
around N = 72− 74, while the concave ones can be seen
at N = 60− 62. These cusps are most prominent around
the proton subshell (Z ≈ 40), while they become weaker
as approaching the magic numbers, Z → 28 and Z →
50. This suggests that these may be associated with the
ground-state deformation.
Let us briefly comment on the deformation effect. In
Ne and Mg neutron-rich isotopes, the present results sug-
gest that the onset of deformation in the ground state in-
creases fpdr. However, the behavior in the present mass
region is more complex. fpdr decrease at the onset of
deformation around N = 60, then, they decrease again
near N = 74 which corresponds to the disappearance of
the deformation back to the spherical shape. In Sec. IV,
we discuss the effect of deformation in more details.
The next jump in fpdr at N = 82 → 84 is clearly
identified. This suggests that the definition of the “low-ℓ
orbits” is different between light and heavy systems. The
nuclei around N = 82 are all calculated to be spherical,
thus it cannot be the effect of deformation. The single-
particle orbit just above the N = 82 shell gap is f7/2. In
light nuclei, when the Fermi level is located at the f7/2
intruder orbits (20 < N ≤ 28), the PDR fraction does
not increase (see Fig. 8). The behavior of fpdr in the
heavy isotopes seems to be very different from that in
light systems. The f orbit may be regarded as the low-ℓ
orbit for heavy nuclei with N > 82.
Finally, the effect of pairing should be noted. In
Ref. [57], the similar studies with the HF+RPA were re-
ported for isotopes with Z ≤ 40. The neutron shell effect
7on fpdr is qualitatively identical. However, the HF cal-
culation for heavy isotopes shows peculiar changes in the
ground-state deformation from one nucleus to the next,
which leads to irregular behaviors in fpdr in the region
of N > 56. These irregular behaviors in Ref. [57] are
hindered in the present study. This is due to the pair-
ing correlation which produces the fractional occupation
probabilities, to suppress the sudden changes in defor-
mation from nucleus to nucleus. Now, some systematic
trends in the region 56 < N < 82 can be observed in
Fig. 9. For instance, as increasing the proton number
from Z = 28, the kink behavior around N = 60 becomes
sharper toward Z = 38 (Sr) and 40 (Zr), then, beyond
Z = 40, it becomes weaker and disappears near Z = 50
(Cd and Sn). The similar systematic behavior can be
also observed for kinks around N = 72.
C. Neutron skin thickness and PDR fraction
The classical picture of the PDR is a vibration of
neutron-skin against the core part, from which, the cor-
relation between skin-thickness and PDR is expected. In
this section, we perform a systematic investigation and
present the correlation between fpdr and the skin thick-
ness ∆rrms for many isotopes. The neutron skin thickness
is defined by the difference in root-mean-square radius of
neutrons and protons, ∆rrms ≡
√
〈r2〉n −
√
〈r2〉p.
Figure 10 shows fpdr as a function of the neutron skin
thickness. For Ge, Se, Kr, Sr and Zr isotopes, the similar
investigation was performed with the HF+RPA [57]. A
consistent behavior with Ref. [57] is confirmed in the left
panel of Fig.10. There is a linear correlation between fpdr
and ∆rrms for N = 50−58 with a roughly identical slope.
In fact, the slope, dfpdr/d∆rrms, gradually decreases as
the proton number increases. This can be clearly seen in
the right panel of Fig. 10 for isotopes with Z = 40− 50.
As the proton number increases, the neutron Fermi level
is more deeply bound, and the slope at N = 50 − 58
decreases from Mo to Sn. The slope dfpdr/d∆rrms in Sn
isotopes is roughly half of those shown in the left panel of
Fig.10. BeyondN = 82, dfpdr/d∆rrms again increase and
stay almost constant (a linear correlation). The observed
slopes at N > 82 is almost identical to those in the left
panel with Z = 28− 38 at N = 50− 58.
The properties of the correlation between the PDR
strength and the neutron skin thickness turns out to be
rather complex, depending on both the proton and the
neutron numbers. Nevertheless, in the present calcula-
tion, we observe a universal behavior which is the maxi-
mum gradient for Ni isotopes, (dfpdr/d∆rrms)max ≈ 0.26
fm−1. The maximum values appears at N > 50 and
N > 82 in which the neutron Fermi levels are located
at weakly-bound d5/2 and f7/2 orbits, respectively. It
should be noted that the similar maximum value of
(dfpdr/d∆rrms)max ≈ 0.2 fm
−1 was previously observed
in the HF+RPA calculation in lighter mass region at
N > 28 in which the neutrons are filling weakly-bound p
orbits [57].
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D. Analysis with the SkI3 energy functional
The PDR properties predicted by the relativistic mean-
field (RMF) theories are often quantitatively different
from those obtained with the non-relativistic Skyrme en-
ergy functionals, although they show qualitative agree-
ments [68]. For instance, in the present calculation with
the SkM∗ functional, the PDR strength fpdr for
132Sn is
less than 2 %, while it is more than 4 % in the relativistic
calculation with the DD-ME2 [68], FSUGold, and NL3
[34]. The experimental data suggested the value of about
4 % [12]. To investigate the origin of the difference, we
adopt the SkI3 Skyrme parameter set which has the same
density dependence of the spin-orbit form factor as that
of the RMF [69].
Figure 11 (a) shows the neutron number dependence
of fpdr in Sn isotopes, which are obtained by Cb-TDHFB
calculation with SkM∗ (filled circle) and SkI3 (filled
square). We can see a clear difference between them.
The result of SkI3 show rapid increase of fpdr as a func-
tion of neutron number in the regions of 58 < N < 70
and N > 82. It shows constant values of fpdr ≈ 4 %
in 70 ≤ N ≤ 82, corresponding to the neutron Fermi
level in the intruder h11/2 orbit. These behaviors pro-
duce prominent kinks at N = 70 and 82 in Fig. 11 (a).
This is consistent with the RMF results of Refs. [34, 68].
The single-particle levels of 134Sn obtained with the
SkM∗ and the SkI3 parameter sets are shown in Fig. 11
(c). The level spacings in the region of 50 < N < 82
are much larger in SkI3 than in SkM∗. Note that the
effective mass (m∗/m) in SkI3 is 0.58 which is signifi-
cantly smaller than 0.79 in SkM∗. In addition, the level
ordering of g7/2 and d5/2 are different. These properties
lead to prominent subshell effect on the PDR with SkI3.
Namely, after the full occupation of g7/2 orbit at N = 58,
8while the neutrons start to fill the low-ℓ (d and s) orbits,
fpdr shows a rapid increase. Then, beyond N = 70, fpdr
stops increasing, since the neutrons now fill the intruder
orbit h11/2. These effects are much weaker in SkM
∗ be-
cause the single-particle levels are much denser and the
subshell effects are smeared out.
In Fig. 11 (b), we show fpdr as a function of the neutron
skin-thickness. It shows a clear discrepancy between the
results with SkM∗ and SkI3, which is associated with the
different subshell effects. Apparently, the PDR strength
is not uniquely determined by the neutron skin thick-
ness, but affected by the choice of the energy functional
and associated single-particle structure. In contrast, the
rapid increase of fpdr at N > 82 is a universal feature.
The slope dfpdr/d∆rrms is also similar to each other, al-
though the slope in SkI3, dfpdr/d∆rrms ≈ 0.37 fm
−1, is
slightly steeper than that in SkM∗.
In summary, the PDR strength significantly depends
on the single-particle shell structure, thus has a func-
tional dependence. In fact, even in the relativistic cal-
culations, the ones adopting the point-coupling energy
functionals show results very similar to the present cal-
culation with SkM∗ [40]. This strong shell effect of the
PDR may be useful for investigating the neutron single-
particle levels in unstable nuclei.
IV. DEFORMATION EFFECTS
It is well-known that the nuclear deformation in the
ground state significantly affects the shape of the GDR
peak [70–73]. For a well-deformed nucleus, the GDR
peak is split into two peaks, which can be understood
as a simple geometrical effect. Namely, there are differ-
ent frequencies associated with long and short principal
axes of deformation. On the other hand, for the low-
lying E1 mode, the geometrical effect is not prominent.
Ref. [74] has reported that the deformation hinders the
PDR strength for the prolate neutron-rich Sn isotopes.
They also found that the K = 0 component of calculated
low-lying E1 strength is larger than K = 1 component,
which was interpreted by the effect of anisotropic neu-
tron skins. Namely, the neutron skin thickness in the
z (K = 0) direction is expected to be thicker than the
x − y (K = 1) directions. In this section, we investigate
this deformation effect for selected isotopes; strongly de-
formed (Sr and Zr) and weakly deformed nuclei (Pd and
Cd).
A. Deformation and PDR strength
In Fig. 12, fpdr are shown for Zr isotopes. In the
present calculation, Zr isotopes with N = 60 − 72 are
deformed with a prolate shape and the one with N = 74
has a small triaxial shape. The other nuclei are calculated
to be spherical in the ground state. Here, we can clearly
identify the deformation effects. The total PDR strength
suddenly reduces at N = 58 → 60 at the onset of defor-
mation (β2 ≈ 0.37). This is consistent with Ref. [74] that
the deformation hinders the PDR strength. However, at
N = 72 → 76 where the deformation reduces and dis-
appears, the PDR strength decreases again. Thus, the
deformation does not always hinder the PDR strength.
Very similar behaviors can be found for Sr isotopes as
well, in Fig. 13. In Sr isotopes, the ground state has a
prolate shape with β2 ≈ 0.37 for N = 60 − 72, and an
oblate shape at N = 38 and 74. When the prolate defor-
mation develops in the ground state, the PDR strength
reduces. The largest PDR strength is seen in N = 72,
then it drops at N > 72 as the ground state is going back
to the spherical shape.
In weakly deformed isotopes, the deformation effect
on the PDR is much milder. In Fig. 14, we show Pd
isotopes. The ground state of Pd isotopes is deformed
with a prolate shape at N = 58 − 74, however, their
deformation β2 = 0.1−0.2 is significantly smaller than Zr
isotopes. The PDR strength gradually increases toward
N = 82, then, jump up beyond that. In Cd isotopes, we
observe almost identical behaviors to Pd.
We have found that the isotopic dependence of the
PDR strength is consistent with the behavior of the neu-
tron chemical potentials. In Figs. 15 and 16, the neutron
chemical potentials −λn are shown for Zr and Pd iso-
topes, respectively. In Zr isotopes, the sudden change
of the deformation, in fact, causes the change in λn
as well. The chemical potential |λn| monotonically de-
creases as increasing the neutron number, except for two
places. These exceptional increase of |λn| takes place at
N = 58→ 60 and at N = 72→ 76. These neutron num-
bers perfectly agree with those showing the drops of the
PDR strength in neutron-rich Zr isotopes. In contrast,
the |λn| in Pd isotopes show a monotonic decrease, lead-
ing to a monotonic increase in fpdr. Therefore, it seems
that the deformation affects the PDR strength through
changing the neutron chemical potential.
B. The K = 0 dominance in PDR strength
In GDR at high frequency E1 mode, the deformation
splitting was systematically observed in deformed nuclei.
The K = 0 component is lower in energy than K =
1 component, leading to a double-peak structure in the
prolate nuclei. In oblate nuclei, the opposite situation is
expected, so that the K = 0 is higher than K = 1. In
Figs. 12, 13, and 14, the PDR strengths are decomposed
into x, y, and z components. Here, z direction is chosen
as the symmetry axis of the deformation. The calculation
indicates that, in the prolate nuclei, the K = 0 (z) PDR
components are larger than the K = 1 components. This
is consistent with Ref. [74], in which it was interpreted to
be due to the difference in the neutron skin thickness with
respect to the z and x−y directions. In Ref. [74], for very
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x, y, and z components which are denoted by red, blue, and
green bars. In spherical nuclei, the three components are
equal to each other. In this figure, we include isotopes with
the neutron chemical potentials smaller than 2 MeV (N >
82).
neutron-rich Sn isotopes with N = 92− 112, the prolate
deformation of the neutron density was calculated to be
larger than that of protons ((β2)n > (β2)p). This leads
to larger neutron skin in z direction of the symmetry axis
than in the perpendicular directions (x− y). However, it
turns out that, in the present calculation, the situation
in Sr and Zr isotopes is very different from Sn isotopes
in Ref. [74].
Figure 17 shows the neutron skin thickness with re-
spect to z and x−y directions for prolate deformed Sr, Zr,
Pd and Cd isotopes. These are defined by the root-mean-
square radius of the z direction,
√
〈z2〉n−
√
〈z2〉p, shown
by dashed lines, and the same for y and z-directions
shown by solid lines. It turns out that, in Sr and Zr
isotopes, the neutron skin is thicker in the x − y plane
than in the z direction, while the situation is opposite in
Pd and Cd isotopes.
In Fig. 18, we show the calculated quadrupole defor-
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FIG. 14. Same as Fig.12, but for Pd isotopes.
mation β2 for protons and neutrons separately. In Pd
and Cd isotopes, the deformation of the proton density
distribution is identical to that of neutrons. However,
for Sr and Zr isotopes, the deformation is actually larger
for protons than for neutrons. Thus, the skin thickness
enhances in the perpendicular directions (x − y) as is
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FIG. 16. Same as Fig.15, but for Pd isotopes.
shown in Fig. 17. If the neutron skin thickness is directly
related to the PDR strength, we could expect the K = 1
dominance, rather than the K = 0 dominance. This is
opposite to what we have observed in the present calcula-
tion (Figs. 12 and 13). The anisotropy of the the neutron
skin thickness is unlikely to be the origin of the K = 0
dominance in the PDR strength.
Here, we give another possible mechanism of theK = 0
dominance in prolate deformed nuclei, which is nothing
to do with the neutron skin nor the weak binding nature
of the valence neutrons. Let us discuss single-particle
matrix elements of the dipole operators in the harmonic
oscillator potential model. The single-particle states are
labeled by the oscillator quanta (nx, ny, nz) which corre-
spond to the single-particle energies, ǫnxnynz = ωxnx +
ωyny + ωznz + 3/2. The well-known geometric effect,
ωz < ωx for a prolate nucleus, lowers the excitation en-
ergy of K = 0 modes (ωz) compared to K = 1 exci-
tations (ωx = ωy). The K = 0 dominance of the PDR
strength can be partially due to this effect, but this is not
the only cause. In fact, the deformation in the ground
state naturally leads to the K = 0 enhancement of the
dipole matrix elements. It is easy to see that the ratios
of available dipole matrix elements between z and x (y)
directions are given by
∣∣∣∣ 〈nx, ny, nz + 1|z|nx, ny, nz〉〈nx + 1, ny, nz|x|nx, ny, nz〉
∣∣∣∣
2
=
nz + 1
nx + 1
ωx
ωz
. (14)
For the ratio |〈z〉/〈y〉|2, we have the same equation but
simply replacing x by y. The K = 0 strength is enhanced
by the fact that ωx/ωz = ωy/ωz > 1 for prolate nuclei.
For strongly deformed Sr and Zr isotopes with β2 ≈ 0.37,
this factor amounts to about 1.5. In addition, for occu-
pied (hole) orbitals, the average value of nz is larger than
nx. This also contributes to the K = 0 enhancement.
V. SYSTEMATIC BEHAVIORS IN PDR
STRENGTHS AROUND N=82
It is a well-known fact that most of the E1 strengths in
nuclei are carried by the GDR at high frequency. There-
fore, the low-energy E1 strengths are strongly hindered,
typically with a factor of 10−5 in heavy nuclei. In the ter-
minology of the present time-dependent calculation, the
time-dependent residual induced field, δh(t) = δh/δρ ·
δρ(t), significantly hinders the low-lying single-particle
E1 strength. However, in the present study, we show
that the PDR peaks in the neutron-rich nuclei at N > 82
demonstrate some exceptional cases. Namely, low-energy
E1 strengths appearing around E = 5 MeV are com-
pletely decoupled from the GDR. Both E1 strengths and
peak positions remain same as those of the corresponding
unperturbed (single-particle) peaks. In this section, we
demonstrate that these striking behaviors can be univer-
sally observed in the PDR peaks in heavy neutron-rich
isotopes beyond N = 82.
A. Choice of smoothing function
So far, we have used the exponential decay function,
w(t) = e−Γt/2, as a smoothing function in Eq. (12). This
produces the strength function S(E;E1) in which the
delta functions in Eq. (11) are smeared by the Lorentzian
function of a width Γ. In order to identify detailed struc-
ture of the low-energy E1 peaks, the width of Γ = 1
MeV is too large. Each peak has a rather long tail with
an asymptotic behavior of 1/|E −En|
2, which makes in-
dividual peaks strongly overlap with each other.
Thus, in this section, we use a different smoothing
function w(t) in Eq. (12),
w(t) = 1− 3(t/T )2 + 2(t/T )3. (15)
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This function has properties, w(0) = 1, w(T ) = 0, and
w′(0) = w′(T ) = 0, which leads to good conservation of
the EWSR value in practice. Instead of the Lorentzian
function, a peak at E = En is smeared as
F(E ≈ En) ∼ Re
∫ T
0
ei(E−En)tw(t)dt
=
6T
x3
{
− sinx+
2(1− cosx)
x
}
, (16)
where x = (E − En)T . This smearing function quickly
disappears when the energy E is away from the peak
position En. In fact, the function becomes zero at |E −
En| = 2π/T and negligibly small at |E − En| > 2π/T .
B. PDR peaks with and without residual fields
In order to examine the low-energy E1 peaks, we com-
pare the Cb-TDHFB results with the unperturbed re-
sults. The unperturbed results can be obtained by ne-
glecting all the residual induced fields. Namely, during
the time evolution, we simply ignore the time-dependence
of mean fields, h(t) and ∆(t), in Eq. (8), by keeping all
the fields same as those in the ground state, h(t) = h0
and ∆(t) = ∆0. The calculated E1 strength functions at
E < 12 MeV are shown in Fig. 19 for Sn isotopes. For Sn
isotopes with N ≤ 82 (128−132Sn), the E1 strengths ap-
pear in the energy region of E > 7 MeV. They are almost
identical to each other, and are significantly hindered
from the unperturbed strengths. This PDR structure
at E = 7− 12 MeV remains similar even for isotopes be-
yond N = 82 (134−136Sn). However, there appear other
low-energy peaks around E = 5 MeV. In Fig. 19, the
dashed and solid lines coincide with each other around
E = 5 MeV. These low-energy dipole peaks appearing in
Sn isotopes with N > 82 are not hindered by the residual
effect. In other words, these dipole modes of excitation
have pure single-particle nature, being decoupled from
the GDR.
The similar feature can be observed more clearly in Zr
isotopes in Fig. 20. The PDR peak around E = 7 MeV
exists for all the isotopes in Fig. 20, however, in those
with N > 82, other low-energy peaks emerge around E =
2−5 MeV. These new peaks atN > 82 show no hindrance
by the coupling with the GDR.
In Fig.21, we summarize fpdr of Zr, Mo, Ru, Pd, Cd
and Sn isotopes around N = 82. In each isotopic chain,
we find universal behaviors of fpdr: It stays constant
for 76 ≤ N ≤ 82, then, jumps up beyond N = 82.
This is due to the fact that two kinds of low-lying dipole
modes exist in these isotopes. One of these appears at
E > 7 MeV whose E1 strength is strongly hindered by
the residual effect. Most probably, it may have a collec-
tive isoscalar character1[41]. The other one appears at
even lower energy of E = 2−7 MeV. The E1 strength as-
sociated with these peaks shows no hindrance, suggesting
that these E1 modes are well decoupled from the GDR.
Finally, in Fig. 22, we show the result of the calculation
using the SkI3 functional. There is a prominent PDR
peak at E ≈ 9 MeV for all Sn isotopes for N = 78 −
86. In fact, the E1 strength of this peak is enhanced
by the residual effect. It means that there is a collective
nature of the isovector (E1) response. This is unusual
but explains the property discussed in Sec. III D that the
PDR strength in SkI3 is significantly larger than that
in SkM∗. Beyond N = 82, again we can find the PDR
peaks at E = 2 − 7 MeV, which show no hindrance by
the residual interactions.
1 Unfortunately, it is difficult to perform the accurate real-time
calculation for the isoscalar dipole modes, because the instanta-
neous perturbation Vext(t) inevitably excites the center-of-mass
motion. The large amplitude center-of-mass motion leads to a
significant error in the Fourier transformation of Eq.(12).
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VI. CONCLUSION
We have performed systematic investigation of the E1
modes of excitations in terms of the linear response cal-
culation using the real-time Cb-TDHFB method in the
3D-coordinate space representation. In particular, prop-
erties of the PDRs and their relations to neutron number,
neutron skin-thickness, deformation, and chemical poten-
tial have been systematically investigated. The present
calculation takes into account effects of any kind of defor-
mation and the static and dynamical pairing correlation
in the BCS-like approximation. We use the Skyrme en-
ergy functional of SkM∗ for the present study. For Sn
isotopes, we also adopt the SkI3 parameter set to discuss
the origin of known difference between non-relativistic
and relativistic calculations.
We have confirmed a strong neutron shell effect. Es-
pecially, we see magic neutron numbers for the sudden
enhancement of the PDR strength, such as N=14 → 16,
N=28→ 30, N=50→ 52, and N=82→ 84. These char-
acteristic numbers appear in the results both with and
without pairing correlation. However, the shell effects
are somewhat weakened by the pairing effect for S and
Ar isotopes around N=28, which indicates a gradual in-
crease of the PDR fractions. This is due to the pairing
effect of the fractional occupation probability of single-
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FIG. 22. Same as Fig. 19, but with the SkI3 parameter set.
particle orbits.
The pairing correlation also removes some irregular be-
haviors in the PDR strength in the region of 60 < N <
74. Because of this, we can observe a clear indication
of the deformation effect. It is most prominent in Kr
(Z=36) , Sr (Z=38), and Zr (Z=40) isotopes. There are
sudden reduction of the PDR strength at the onset and
the offset of deformation. In strongly deformed nuclei
with the prolate shape, such as Sr and Zr isotopes, the
PDR strength is dominated by the K = 0 component,
while the neutron skins in these isotopes are smaller in
the direction of the symmetry axis than in the perpen-
dicular directions. Thus, the K = 0 dominance is not as-
sociated with the skin thickness. It may be explained, at
least partially, by difference in the single-particle dipole
strengths in the deformed mean-field potential.
We have closely examined the characters of the PDR
peaks appearing around N=82. It turns out that there
are two kinds of peaks. The E1 strengths associated
with peaks located at E >7 MeV are very different
from the unperturbed strengths. Generally speaking,
they are usually hindered from the unperturbed single-
particle strengths. On the other hand, the peaks appear-
ing at E <5 MeV beyond N=82 are identical to those
in the unperturbed calculation. This suggests the pure
single-particle character and the decoupling of the low-
energy dipole modes from the GDR. This decoupling phe-
nomenon beyond N=82 can be observed for many kinds
of isotopes around Sn (Z=50) and obtained with different
energy functionals as well.
It should be noted that properties of the PDRs are sen-
sitive to underlying nuclear structure, such as the single-
particle level. For instance, the single-particle level spac-
ings in SkI3 are generally larger than those in SkM∗, due
to the smaller effective mass. This leads to significant
difference in the PDR strengths for Sn isotopes between
SkM∗ and SkI3. The relativistic mean-field calculation
with the NL3 parameter set [34] produces the result sim-
ilar to the non-relativistic calculation with SkI3, while
the point-coupling relativistic model [40] produces the
one similar to SkM∗. Therefore, the different prediction
on the PDR properties in the literature may be mostly
attributed to the difference in underlying shell structure.
We have observed some correlation between the PDR
strength and the neutron-skin thickness, however, its
property and quality depend on the mass number, the
neutron number, and the adopted energy functional. In
contrast, the strong enhancement of the PDR strengths
at specific neutron numbers (N = 14→ 16, N = 28→ 30,
N = 50 → 52, and N = 82 → 84) and the decoupling
phenomenon observed beyond N = 82 are more robust
and universal.
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Appendix: Ground-state properties
In this appendix, the calculated ground-state proper-
ties are presented for even-even isotopes with 6 ≤ Z ≤ 20
and 28 ≤ Z ≤ 50.
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TABLE I. Ground-state properties of even-even isotopes with Z = 6 − 20 obtained by the HF+BCS and HF with SkM∗;
quadrupole deformation parameters (β2, γ), pairing gaps for neutrons and protons (∆n,∆p), chemical potentials for neutrons
and protons (λn, λp). In the case of normal phase (∆ = 0), we define the chemical potential as the single-particle energy of the
highest occupied orbital, λn = ǫ
0
N and λp = ǫ
0
Z . The pairing gaps and chemical potentials are given in units of MeV.
β2 γ ∆n ∆p −λn −λp β
HF
2 γ
HF
−λHFn −λ
HF
p
8C 0.00 − 0.00 0.00 31.22 2.96 0.00 − 31.19 2.95
10C 0.23 0◦ 0.00 0.00 17.00 7.86 0.23 0◦ 16.99 7.84
12C 0.00 − 0.00 0.00 16.82 14.07 0.00 − 16.80 14.06
14C 0.00 − 0.00 0.00 8.94 18.24 0.00 − 8.94 18.23
16C 0.14 0◦ 1.00 0.00 4.56 21.22 0.27 0◦ 5.25 20.52
18C 0.27 0◦ 0.57 0.00 3.90 23.71 0.30 0◦ 4.69 23.53
20C 0.23 60◦ 0.00 0.00 4.84 27.53 0.23 60◦ 4.83 27.50
22C 0.00 − 0.00 0.00 3.41 30.25 0.00 − 3.42 30.21
14O 0.00 − 0.00 0.00 20.81 5.69 0.00 − 20.80 5.68
16O 0.00 − 0.00 0.00 13.54 10.26 0.00 − 13.53 10.25
18O 0.00 − 1.06 0.00 7.94 13.91 0.15 0◦ 7.75 13.58
20O 0.00 − 1.10 0.00 7.45 17.34 0.18 0◦ 7.80 16.81
22O 0.00 − 0.00 0.00 8.06 20.66 0.00 − 8.04 20.65
24O 0.00 − 0.00 0.00 5.17 22.63 0.00 − 5.17 22.61
26O 0.00 − 0.80 0.00 1.13 24.87 0.07 60◦ 1.26 24.79
16Ne 0.25 0◦ 0.00 0.54 23.06 0.91 0.29 0◦ 22.81 1.48
18Ne 0.00 − 0.00 1.07 17.16 4.01 0.16 0◦ 16.82 3.86
20Ne 0.37 0◦ 0.00 0.00 13.07 9.19 0.37 0◦ 13.07 9.18
22Ne 0.37 0◦ 0.00 0.00 11.03 12.38 0.37 0◦ 11.03 12.37
24Ne 0.17 60◦ 0.00 0.74 10.57 13.04 0.20 60◦ 10.62 13.51
26Ne 0.00 − 0.00 1.00 7.17 14.92 0.14 0◦ 6.95 14.92
28Ne 0.00 − 0.79 1.01 3.22 17.05 0.16 0◦ 3.77 17.41
30Ne 0.00 − 0.00 1.01 3.79 19.09 0.35 0◦ 4.14 21.35
32Ne 0.36 0◦ 0.95 0.00 2.16 23.61 0.41 0◦ 2.92 24.28
18Mg 0.31 0◦ 0.00 0.00 25.59 0.20 0.31 0◦ 25.56 0.19
20Mg 0.00 − 0.00 1.13 20.53 2.83 0.18 0◦ 19.99 3.18
22Mg 0.38 0◦ 0.00 0.00 16.31 6.42 0.38 0◦ 16.30 6.42
24Mg 0.39 0◦ 0.00 0.00 14.12 9.51 0.39 0◦ 14.12 9.50
26Mg 0.20 54◦ 0.00 0.86 13.08 11.23 0.24 8◦ 11.37 11.67
28Mg 0.00 − 0.00 1.03 9.21 13.30 0.19 0◦ 8.99 13.80
30Mg 0.00 − 1.31 1.03 5.48 15.49 0.18 0◦ 5.94 15.99
32Mg 0.00 − 0.00 1.03 5.83 17.55 0.35 0◦ 6.08 18.08
34Mg 0.37 0◦ 1.45 0.00 4.12 20.18 0.41 0◦ 5.10 20.31
36Mg 0.33 0◦ 1.43 0.00 3.21 21.95 0.31 0◦ 4.03 21.83
38Mg 0.30 0◦ 1.47 0.00 2.38 23.69 0.30 8◦ 3.16 23.87
40Mg 0.29 0◦ 0.91 0.00 1.31 25.28 0.32 0◦ 2.48 25.33
24Si 0.18 60◦ 0.71 0.00 16.94 5.26 0.20 60◦ 17.41 5.30
26Si 0.20 53◦ 0.85 0.00 15.88 7.68 0.25 11◦ 16.31 6.00
28Si 0.23 60◦ 0.00 0.00 15.72 10.36 0.23 60◦ 15.69 10.33
30Si 0.00 − 0.00 0.00 11.25 12.74 0.00 − 11.24 12.73
32Si 0.00 − 1.31 0.00 7.63 14.92 0.13 60◦ 8.08 14.55
34Si 0.00 − 1.65 0.00 6.57 16.95 0.00 − 7.87 16.98
36Si 0.00 − 2.16 0.00 5.61 18.82 0.12 60◦ 5.70 18.50
38Si 0.12 60◦ 2.24 0.00 5.01 20.17 0.22 0◦ 5.83 18.68
40Si 0.17 60◦ 2.03 0.00 4.35 21.82 0.22 22◦ 5.07 20.65
42Si 0.19 60◦ 1.55 0.00 3.39 23.40 0.23 60◦ 5.20 23.59
44Si 0.00 − 1.86 0.00 2.61 25.04 0.16 60◦ 3.03 24.76
46Si 0.00 − 1.26 0.00 1.65 26.15 0.00 − 3.21 26.26
β2 γ ∆n ∆p −λn −λp β
HF γHF −λHFn −λ
HF
p
26S 0.00 − 1.01 0.00 18.63 1.63 0.14 0◦ 18.69 1.37
28S 0.00 − 1.03 0.00 17.85 3.49 0.20 0◦ 18.35 3.25
30S 0.00 − 0.00 0.00 18.06 5.40 0.00 − 18.04 5.39
32S 0.00 − 0.00 0.00 13.17 7.30 0.00 − 13.15 7.29
34S 0.00 − 1.28 0.00 9.61 9.26 0.09 60◦ 9.86 9.27
36S 0.00 − 1.52 0.00 8.36 11.08 0.00 − 9.72 11.09
38S 0.00 − 2.19 0.00 7.34 12.77 0.15 0◦ 7.50 13.14
40S 0.16 0◦ 2.07 0.00 6.73 14.94 0.23 0◦ 7.77 15.24
42S 0.15 0◦ 2.06 0.00 5.82 16.66 0.22 0◦ 6.65 17.13
44S 0.11 0◦ 1.97 0.00 4.88 18.00 0.10 0◦ 5.89 18.13
46S 0.04 1◦ 1.72 0.00 3.97 18.97 0.15 0◦ 4.57 19.74
48S 0.00 − 0.95 0.00 2.77 20.24 0.00 − 4.50 20.31
50S 0.00 − 0.00 1.72 2.21 20.98 0.00 − 2.19 21.09
32Ar 0.00 − 0.00 0.80 20.08 1.31 0.14 60◦ 19.71 1.89
34Ar 0.00 − 0.00 0.80 15.11 3.25 0.08 60◦ 15.10 3.59
36Ar 0.00 − 1.23 1.27 12.04 5.77 0.13 60◦ 12.63 6.36
38Ar 0.00 − 1.11 1.24 10.48 8.03 0.04 60◦ 11.60 8.10
40Ar 0.00 − 2.03 1.22 9.27 9.93 0.12 60◦ 9.30 10.51
42Ar 0.00 − 2.16 1.20 8.43 11.79 0.18 0◦ 9.17 11.73
44Ar 0.00 − 1.99 1.18 7.62 13.58 0.17 17◦ 8.41 13.59
46Ar 0.00 − 1.77 1.16 6.49 15.20 0.14 60◦ 8.17 16.04
48Ar 0.00 − 1.41 1.14 5.31 16.56 0.14 60◦ 5.73 17.29
50Ar 0.00 − 0.85 2.00 3.95 17.62 0.08 60◦ 5.01 18.13
52Ar 0.01 59◦ 1.22 0.00 2.37 19.02 0.06 60◦ 3.08 19.03
54Ar 0.12 60◦ 0.00 0.00 2.22 20.96 0.12 60◦ 2.22 20.93
56Ar 0.00 − 1.24 1.73 1.15 21.49 0.10 60◦ 1.42 22.27
34Ca 0.00 − 0.00 0.00 21.99 1.13 0.00 − 21.97 1.12
36Ca 0.00 − 0.00 0.00 16.92 2.93 0.00 − 16.90 2.92
38Ca 0.00 − 1.19 1.20 14.29 3.64 0.04 60◦ 14.36 4.76
40Ca 0.00 − 0.00 0.00 14.32 7.47 0.00 − 14.30 7.46
42Ca 0.00 − 1.92 0.82 11.09 7.46 0.06 60◦ 10.33 8.70
44Ca 0.00 − 2.05 0.00 10.22 11.13 0.10 0◦ 10.41 10.25
46Ca 0.00 − 1.83 0.00 9.36 12.89 0.08 0◦ 10.16 12.11
48Ca 0.00 − 0.00 0.00 10.41 14.69 0.00 − 10.39 14.68
50Ca 0.00 − 1.46 1.90 6.53 13.77 0.08 60◦ 6.59 15.40
52Ca 0.00 − 1.50 0.00 5.18 17.00 0.00 − 6.67 16.95
54Ca 0.00 − 2.29 0.00 4.26 18.36 0.00 − 4.11 17.99
56Ca 0.00 − 2.54 1.41 3.55 17.50 0.08 60◦ 2.92 18.89
58Ca 0.00 − 2.54 0.00 3.01 21.12 0.08 0◦ 3.06 20.59
60Ca 0.00 − 2.55 0.00 2.54 22.49 0.00 − 3.40 22.36
62Ca 0.00 − 2.55 0.00 2.09 23.82 0.08 60◦ 1.92 23.04
64Ca 0.00 − 2.55 0.75 1.60 22.44 0.08 0◦ 2.23 24.15
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TABLE II. Ground-state properties of Ni, Zn, Ge, Se and Kr isotopes obtained by the HF+BCS with SkM∗. See the caption
of Table I. The root mean square radii of neutrons and protons (rn, rp) are also shown.
β2 γ rn rp ∆n ∆p −λn −λp
56Ni 0.00 − 3.63 3.69 0.00 0.36 16.27 4.31
58Ni 0.00 − 3.70 3.70 1.50 0.55 11.32 5.58
60Ni 0.00 − 3.77 3.72 2.02 0.48 10.12 6.82
62Ni 0.00 − 3.84 3.75 2.23 0.00 9.16 10.70
64Ni 0.00 − 3.90 3.77 2.34 0.00 8.45 11.91
66Ni 0.00 − 3.96 3.79 2.41 0.00 7.86 13.11
68Ni 0.00 − 4.01 3.82 2.27 0.00 7.33 14.27
70Ni 0.00 − 4.06 3.84 2.22 0.00 6.87 15.38
72Ni 0.00 − 4.10 3.86 2.13 0.00 6.38 16.50
74Ni 0.00 − 4.14 3.87 1.98 0.00 5.89 17.58
76Ni 0.00 − 4.18 3.89 1.70 0.00 5.31 18.64
78Ni 0.00 − 4.21 3.90 0.86 0.00 4.32 19.69
80Ni 0.00 − 4.29 3.92 1.32 0.00 3.19 20.30
82Ni 0.00 − 4.36 3.93 1.36 0.00 2.65 20.92
84Ni 0.00 − 4.43 3.95 1.23 0.00 2.10 21.52
60Zn 0.00 − 3.72 3.78 1.43 0.96 12.59 3.03
62Zn 0.01 51◦ 3.79 3.80 1.89 1.21 11.29 4.28
64Zn 0.00 − 3.85 3.82 2.15 1.41 10.29 5.51
66Zn 0.00 − 3.91 3.85 2.28 1.51 9.57 6.67
68Zn 0.00 − 3.97 3.87 2.35 1.54 8.96 7.79
70Zn 0.00 − 4.02 3.89 2.20 1.58 8.40 8.89
72Zn 0.00 − 4.07 3.90 2.14 1.61 7.90 9.96
74Zn 0.01 0◦ 4.11 3.92 2.07 1.60 7.40 10.98
76Zn 0.01 0◦ 4.15 3.94 1.92 1.63 6.90 12.01
78Zn 0.00 − 4.19 3.95 1.62 1.73 6.33 13.08
80Zn 0.00 − 4.22 3.97 0.00 1.77 7.75 14.12
82Zn 0.00 − 4.29 3.98 1.08 1.68 3.96 14.85
84Zn 0.01 0◦ 4.35 3.99 1.11 1.61 3.48 15.60
86Zn 0.00 − 4.41 4.01 0.90 1.54 2.95 16.35
88Zn 0.00 − 4.48 4.02 0.58 1.47 2.03 17.02
64Ge 0.00 − 3.80 3.87 1.78 1.04 12.43 2.34
66Ge 0.00 − 3.87 3.89 2.09 1.13 11.40 3.53
68Ge 0.04 59◦ 3.93 3.92 2.26 1.74 10.72 4.95
70Ge 0.00 − 3.99 3.94 2.32 2.07 10.10 6.26
72Ge 0.00 − 4.04 3.95 2.13 2.10 9.51 7.40
74Ge 0.00 − 4.08 3.97 2.06 2.11 8.98 8.48
76Ge 0.12 0◦ 4.14 3.99 1.98 1.95 8.46 9.53
78Ge 0.11 0◦ 4.17 4.01 1.73 1.98 7.91 10.57
80Ge 0.00 − 4.20 4.01 1.54 2.16 7.38 11.60
82Ge 0.00 − 4.23 4.02 0.00 2.17 8.74 12.62
84Ge 0.05 7◦ 4.29 4.04 0.96 2.06 4.78 13.38
86Ge 0.07 10◦ 4.36 4.06 1.18 1.95 4.26 14.15
88Ge 0.01 38◦ 4.41 4.07 0.98 1.97 3.69 14.89
90Ge 0.00 − 4.48 4.08 1.03 1.92 2.83 15.57
92Ge 0.17 28◦ 4.55 4.14 1.72 1.57 2.79 16.58
94Ge 0.22 26◦ 4.61 4.18 1.75 1.36 2.59 17.43
96Ge 0.25 22◦ 4.67 4.21 1.71 1.29 2.34 18.24
98Ge 0.26 18◦ 4.73 4.24 1.82 1.29 2.06 18.98
β2 γ rn rp ∆n ∆p −λn −λp
68Se 0.09 0◦ 3.90 3.97 2.09 1.13 12.67 2.03
70Se 0.18 60◦ 3.98 4.01 2.09 1.57 11.94 3.60
72Se 0.14 60◦ 4.02 4.02 2.13 1.98 11.20 4.83
74Se 0.00 − 4.05 4.02 2.08 2.19 10.63 5.98
76Se 0.01 46◦ 4.10 4.03 1.99 2.22 10.06 7.08
78Se 0.10 0◦ 4.15 4.05 1.93 2.15 9.53 8.09
80Se 0.10 0◦ 4.18 4.06 1.68 2.16 8.96 9.12
82Se 0.00 − 4.21 4.07 1.47 2.27 8.43 10.20
84Se 0.00 − 4.24 4.08 0.00 2.29 9.73 11.21
86Se 0.04 0◦ 4.30 4.09 1.13 2.21 5.65 11.97
88Se 0.07 0◦ 4.36 4.11 1.32 2.10 5.08 12.72
90Se 0.06 60◦ 4.41 4.13 1.22 2.07 4.41 13.49
92Se 0.10 30◦ 4.48 4.15 1.65 1.94 3.93 14.26
94Se 0.20 59◦ 4.56 4.21 1.63 1.54 3.76 15.16
96Se 0.33 4◦ 4.63 4.28 1.39 1.56 3.59 16.26
98Se 0.32 9◦ 4.68 4.30 1.51 1.52 3.23 16.96
100Se 0.30 0◦ 4.72 4.30 1.64 1.56 2.89 17.63
102Se 0.27 0◦ 4.76 4.31 1.76 1.51 2.56 18.26
104Se 0.25 0◦ 4.80 4.33 1.74 1.46 2.23 18.91
72Kr 0.26 60◦ 4.03 4.11 1.78 0.97 13.09 2.15
74Kr 0.14 60◦ 4.04 4.08 2.09 2.09 12.32 3.55
76Kr 0.00 − 4.07 4.08 2.03 2.28 11.74 4.72
78Kr 0.00 − 4.11 4.09 1.92 2.29 11.13 5.80
80Kr 0.00 − 4.15 4.10 1.86 2.31 10.56 6.84
82Kr 0.00 − 4.19 4.11 1.72 2.32 10.03 7.86
84Kr 0.00 − 4.22 4.12 1.40 2.33 9.46 8.86
86Kr 0.00 − 4.25 4.13 0.00 2.35 10.70 9.85
88Kr 0.01 25◦ 4.31 4.14 1.18 2.26 6.44 10.62
90Kr 0.03 0◦ 4.37 4.16 1.41 2.18 5.88 11.39
92Kr 0.00 − 4.42 4.18 1.64 2.15 5.32 12.18
94Kr 0.06 44◦ 4.47 4.20 1.63 2.04 4.68 12.92
96Kr 0.18 60◦ 4.55 4.25 1.74 1.69 4.57 13.64
98Kr 0.36 0◦ 4.64 4.35 1.37 1.41 4.43 14.93
100Kr 0.23 60◦ 4.66 4.31 1.76 1.47 3.95 15.18
102Kr 0.35 0◦ 4.73 4.38 1.33 1.42 3.56 16.42
104Kr 0.32 1◦ 4.77 4.39 1.54 1.43 3.23 17.02
106Kr 0.31 0◦ 4.80 4.40 1.51 1.43 2.87 17.63
108Kr 0.28 0◦ 4.84 4.41 1.48 1.42 2.55 18.18
110Kr 0.17 32◦ 4.84 4.38 1.86 1.57 2.50 18.88
112Kr 0.06 13◦ 4.84 4.38 1.78 1.78 2.54 19.90
114Kr 0.00 − 4.86 4.39 1.52 1.84 2.40 20.74
116Kr 0.00 − 4.89 4.41 1.21 1.80 2.05 21.45
118Kr 0.00 − 4.92 4.43 0.00 1.77 3.72 22.14
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TABLE III. Same as Table II, but for Sr, Zr, Mo, and Ru isotopes.
β2 γ rn rp ∆n ∆p −λn −λp
76Sr 0.16 60◦ 4.06 4.14 2.05 1.59 13.41 2.17
78Sr 0.00 − 4.09 4.13 1.98 2.26 12.82 3.51
80Sr 0.00 − 4.13 4.14 1.85 2.25 12.17 4.55
82Sr 0.00 − 4.17 4.15 1.81 2.25 11.59 5.57
84Sr 0.00 − 4.20 4.16 1.67 2.25 11.04 6.57
86Sr 0.00 − 4.23 4.17 1.35 2.24 10.46 7.54
88Sr 0.00 − 4.26 4.18 0.00 2.24 11.65 8.50
90Sr 0.00 − 4.32 4.19 1.29 2.16 7.30 9.28
92Sr 0.00 − 4.37 4.21 1.49 2.10 6.68 10.06
94Sr 0.00 − 4.42 4.22 1.66 2.05 6.10 10.84
96Sr 0.00 − 4.47 4.24 1.67 2.00 5.48 11.61
98Sr 0.37 0◦ 4.60 4.38 1.34 1.21 5.85 12.44
100Sr 0.38 0◦ 4.65 4.40 1.27 1.11 5.26 13.28
102Sr 0.38 0◦ 4.70 4.42 1.39 1.06 4.77 14.07
104Sr 0.37 0◦ 4.74 4.44 1.41 1.05 4.29 14.80
106Sr 0.36 0◦ 4.78 4.45 1.41 1.06 3.88 15.50
108Sr 0.35 0◦ 4.81 4.47 1.25 1.06 3.48 16.19
110Sr 0.34 0◦ 4.85 4.48 1.31 1.11 3.11 16.81
112Sr 0.14 60◦ 4.81 4.41 1.57 1.51 3.31 17.65
114Sr 0.00 − 4.83 4.41 1.61 1.66 3.44 18.56
116Sr 0.00 − 4.86 4.43 1.56 1.63 3.15 19.24
118Sr 0.00 − 4.88 4.44 1.16 1.59 2.91 19.95
80Zr 0.00 − 4.11 4.19 1.93 1.92 13.87 2.32
82Zr 0.00 − 4.15 4.19 1.80 1.91 13.18 3.34
84Zr 0.00 − 4.18 4.20 1.76 1.91 12.58 4.33
86Zr 0.00 − 4.22 4.21 1.63 1.90 12.02 5.30
88Zr 0.00 − 4.25 4.21 1.31 1.90 11.44 6.25
90Zr 0.00 − 4.28 4.22 0.00 1.89 10.00 7.18
92Zr 0.00 − 4.33 4.24 1.31 1.82 8.10 7.95
94Zr 0.00 − 4.38 4.25 1.54 1.76 7.47 8.71
96Zr 0.00 − 4.43 4.27 1.68 1.71 6.88 9.48
98Zr 0.00 − 4.48 4.28 1.65 1.65 6.25 10.24
100Zr 0.36 0◦ 4.60 4.41 1.35 1.35 6.61 10.76
102Zr 0.37 0◦ 4.65 4.44 1.32 1.26 6.06 11.48
104Zr 0.38 0◦ 4.70 4.46 1.33 1.16 5.53 12.20
106Zr 0.38 0◦ 4.74 4.48 1.27 1.07 5.01 12.92
108Zr 0.37 0◦ 4.77 4.50 1.34 1.10 4.60 13.66
110Zr 0.36 0◦ 4.81 4.51 1.28 1.11 4.20 14.38
112Zr 0.35 0◦ 4.85 4.52 1.21 1.13 3.77 15.08
114Zr 0.16 52◦ 4.81 4.46 1.56 1.36 3.98 16.24
116Zr 0.00 − 4.83 4.45 1.69 1.36 4.14 16.99
118Zr 0.00 − 4.85 4.46 1.50 1.35 3.90 17.69
120Zr 0.00 − 4.88 4.48 1.18 1.34 3.60 18.37
122Zr 0.00 − 4.90 4.49 0.00 1.35 2.93 19.07
124Zr 0.00 − 4.97 4.50 1.12 1.28 1.58 19.43
126Zr 0.00 − 5.02 4.51 1.26 1.23 1.23 19.83
128Zr 0.00 − 5.08 4.52 1.31 1.17 0.91 20.23
130Zr 0.00 − 5.12 4.53 0.84 1.11 0.77 20.60
β2 γ rn rp ∆n ∆p −λn −λp
84Mo 0.00 − 4.16 4.24 1.76 1.69 14.17 2.17
86Mo 0.00 − 4.19 4.25 1.72 1.70 13.55 3.14
88Mo 0.00 − 4.23 4.25 1.59 1.72 12.98 4.09
90Mo 0.00 − 4.26 4.26 1.28 1.72 12.40 5.02
92Mo 0.00 − 4.29 4.26 0.00 1.74 13.48 5.95
94Mo 0.00 − 4.34 4.28 1.32 1.69 8.88 6.69
96Mo 0.00 − 4.39 4.29 1.58 1.64 8.24 7.44
98Mo 0.00 − 4.43 4.31 1.71 1.59 7.64 8.20
100Mo 0.00 − 4.48 4.33 1.67 1.55 7.02 8.95
102Mo 0.29 12◦ 4.58 4.42 1.55 1.43 7.20 9.67
104Mo 0.32 12◦ 4.63 4.45 1.42 1.33 6.81 10.33
106Mo 0.33 14◦ 4.68 4.48 1.36 1.27 6.33 11.07
108Mo 0.32 17◦ 4.72 4.49 1.35 1.22 5.87 11.87
110Mo 0.30 19◦ 4.75 4.50 1.38 1.22 5.44 12.66
112Mo 0.28 23◦ 4.78 4.51 1.38 1.26 5.07 13.47
114Mo 0.24 27◦ 4.80 4.51 1.39 1.30 4.79 14.26
116Mo 0.20 33◦ 4.82 4.51 1.32 1.29 4.56 14.96
118Mo 0.00 − 4.82 4.48 1.64 1.36 4.86 15.67
120Mo 0.00 − 4.85 4.50 1.46 1.35 4.61 16.37
122Mo 0.00 − 4.87 4.51 1.14 1.36 4.32 17.06
124Mo 0.00 − 4.90 4.53 0.00 1.36 5.75 17.76
126Mo 0.00 − 4.95 4.54 0.70 1.31 1.78 18.19
128Mo 0.00 − 5.00 4.55 0.98 1.27 1.63 18.56
130Mo 0.00 − 5.05 4.56 0.97 1.22 1.37 18.95
132Mo 0.00 − 5.10 4.57 0.89 1.19 1.08 19.32
88Ru 0.00 − 4.21 4.29 1.69 1.64 14.50 2.05
90Ru 0.00 − 4.24 4.29 1.56 1.65 13.93 2.99
92Ru 0.00 − 4.27 4.30 1.25 1.66 13.33 3.90
94Ru 0.00 − 4.30 4.30 0.00 1.67 14.38 4.81
96Ru 0.00 − 4.35 4.32 1.33 1.61 9.64 5.56
98Ru 0.00 − 4.40 4.34 1.62 1.60 9.00 6.30
100Ru 0.00 − 4.44 4.35 1.74 1.56 8.40 7.06
102Ru 0.00 − 4.48 4.37 1.72 1.53 7.80 7.81
104Ru 0.13 0◦ 4.54 4.40 1.85 1.52 7.58 8.73
106Ru 0.27 18◦ 4.62 4.47 1.60 1.19 7.49 9.07
108Ru 0.28 19◦ 4.66 4.49 1.53 1.13 7.08 9.76
110Ru 0.28 21◦ 4.70 4.51 1.49 1.08 6.66 10.51
112Ru 0.27 23◦ 4.74 4.52 1.45 1.04 6.24 11.28
114Ru 0.25 26◦ 4.77 4.53 1.41 1.02 5.85 12.05
116Ru 0.23 27◦ 4.79 4.54 1.38 1.04 5.51 12.81
118Ru 0.04 1◦ 4.79 4.51 1.76 1.37 5.75 13.85
120Ru 0.00 − 4.82 4.52 1.63 1.36 5.56 14.54
122Ru 0.00 − 4.84 4.53 1.43 1.36 5.31 15.24
124Ru 0.00 − 4.87 4.55 1.11 1.35 5.02 15.93
126Ru 0.00 − 4.89 4.56 0.00 1.36 6.44 16.62
128Ru 0.00 − 4.94 4.57 0.75 1.31 2.29 17.04
130Ru 0.00 − 4.99 4.59 0.83 1.29 2.04 17.46
132Ru 0.00 − 5.04 4.60 0.89 1.25 1.80 17.85
134Ru 0.00 − 5.09 4.61 0.80 1.23 1.48 18.24
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TABLE IV. Same as Table II, but for Pd and Cd isotopes.
β2 γ rn rp ∆n ∆p −λn −λp
92Pd 0.00 − 4.25 4.33 1.54 1.49 14.85 1.94
94Pd 0.00 − 4.28 4.34 1.23 1.49 14.25 2.84
96Pd 0.00 − 4.31 4.34 0.00 1.50 15.27 3.73
98Pd 0.00 − 4.36 4.36 1.34 1.46 10.39 4.48
100Pd 0.00 − 4.40 4.37 1.65 1.42 9.75 5.24
102Pd 0.00 − 4.45 4.39 1.76 1.43 9.15 5.99
104Pd 0.08 0◦ 4.50 4.41 1.82 1.33 8.68 6.75
106Pd 0.14 0◦ 4.55 4.44 1.85 1.19 8.37 7.51
108Pd 0.17 0◦ 4.60 4.47 1.87 1.13 8.05 8.23
110Pd 0.19 0◦ 4.64 4.49 1.85 1.10 7.72 8.93
112Pd 0.20 0◦ 4.68 4.51 1.79 1.08 7.38 9.64
114Pd 0.19 0◦ 4.71 4.52 1.71 1.07 7.04 10.39
116Pd 0.18 0◦ 4.74 4.53 1.65 1.06 6.71 11.17
118Pd 0.15 0◦ 4.77 4.54 1.62 1.06 6.46 11.95
120Pd 0.10 0◦ 4.79 4.55 1.66 1.11 6.34 12.73
122Pd 0.00 − 4.81 4.55 1.62 1.26 6.26 13.47
124Pd 0.00 − 4.84 4.57 1.43 1.25 6.00 14.17
126Pd 0.00 − 4.87 4.58 1.10 1.24 5.69 14.85
128Pd 0.00 − 4.89 4.59 0.00 1.24 7.12 15.53
130Pd 0.00 − 4.94 4.61 0.71 1.21 2.72 15.96
132Pd 0.00 − 4.98 4.62 0.80 1.19 2.47 16.40
134Pd 0.00 − 5.03 4.63 0.75 1.16 2.23 16.84
136Pd 0.00 − 5.07 4.64 0.60 1.15 1.86 17.25
β2 γ rn rp ∆n ∆p −λn −λp
96Cd 0.00 − 4.29 4.38 1.21 1.17 15.16 1.79
98Cd 0.00 − 4.32 4.38 0.00 1.18 16.14 2.66
100Cd 0.00 − 4.37 4.40 1.35 1.14 11.13 3.42
102Cd 0.00 − 4.41 4.41 1.67 1.11 10.49 4.19
104Cd 0.00 − 4.45 4.43 1.78 1.13 9.90 4.92
106Cd 0.00 − 4.50 4.44 1.80 1.11 9.36 5.69
108Cd 0.09 0◦ 4.55 4.47 1.91 0.91 9.07 6.31
110Cd 0.13 0◦ 4.59 4.49 1.91 0.76 8.75 6.89
112Cd 0.15 0◦ 4.63 4.51 1.91 0.64 8.43 7.52
114Cd 0.16 0◦ 4.67 4.53 1.87 0.55 8.11 8.17
116Cd 0.16 0◦ 4.70 4.55 1.82 0.49 7.79 8.88
118Cd 0.15 0◦ 4.74 4.56 1.75 0.50 7.49 9.66
120Cd 0.14 0◦ 4.77 4.57 1.64 0.00 7.19 11.33
122Cd 0.00 − 4.78 4.57 1.75 1.00 7.19 11.72
124Cd 0.00 − 4.81 4.59 1.62 0.99 6.94 12.41
126Cd 0.00 − 4.84 4.60 1.42 0.98 6.67 13.10
128Cd 0.00 − 4.87 4.61 1.10 0.98 6.36 13.78
130Cd 0.00 − 4.89 4.63 0.00 0.97 7.80 14.45
132Cd 0.00 − 4.93 4.64 0.64 0.95 3.13 14.91
134Cd 0.00 − 4.98 4.65 0.72 0.94 2.90 15.36
136Cd 0.00 − 5.02 4.66 0.76 0.92 2.66 15.80
138Cd 0.00 − 5.06 4.68 0.59 0.91 2.24 16.23
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Ground-state properties of Sn isotopes calculated with SkM∗ and SkI3. See the captions of Tables I and II.
SkM∗ β2 γ rn rp ∆n ∆p −λn −λp
100Sn 0.00 − 4.33 4.42 0.00 0.00 17.00 3.15
102Sn 0.00 − 4.38 4.43 1.35 0.00 11.86 3.86
104Sn 0.00 − 4.42 4.45 1.70 0.00 11.24 4.59
106Sn 0.00 − 4.46 4.46 1.80 0.00 10.65 5.33
108Sn 0.00 − 4.50 4.48 1.84 0.00 10.13 6.07
110Sn 0.00 − 4.54 4.49 1.97 0.00 9.75 6.84
112Sn 0.00 − 4.58 4.51 2.05 0.00 9.43 7.60
114Sn 0.00 − 4.62 4.53 2.10 0.00 9.13 8.35
116Sn 0.00 − 4.66 4.55 2.06 0.00 8.86 9.09
118Sn 0.00 − 4.69 4.56 2.00 0.00 8.60 9.82
120Sn 0.00 − 4.72 4.58 1.94 0.00 8.36 10.54
122Sn 0.00 − 4.75 4.59 1.85 0.00 8.12 11.25
124Sn 0.00 − 4.78 4.61 1.75 0.00 7.87 11.95
126Sn 0.00 − 4.81 4.62 1.62 0.00 7.62 12.63
128Sn 0.00 − 4.84 4.63 1.42 0.00 7.34 13.31
130Sn 0.00 − 4.87 4.64 1.10 0.00 7.01 13.98
132Sn 0.00 − 4.89 4.66 0.00 0.00 8.48 14.64
134Sn 0.00 − 4.93 4.67 0.68 0.00 3.62 15.07
136Sn 0.00 − 4.97 4.68 0.78 0.00 3.36 15.51
138Sn 0.00 − 5.02 4.69 1.04 0.00 3.11 15.90
140Sn 0.00 − 5.07 4.71 1.74 0.00 3.06 16.43
SkI3 β2 γ rn rp ∆n ∆p −λn −λp
100Sn 0.00 − 4.33 4.40 0.00 0.00 17.18 3.50
102Sn 0.00 − 4.38 4.42 1.54 0.00 11.00 4.33
104Sn 0.00 − 4.43 4.43 1.65 0.00 10.40 5.16
106Sn 0.00 − 4.48 4.45 2.20 0.00 10.34 6.00
108Sn 0.00 − 4.52 4.47 1.83 0.00 9.93 6.81
110Sn 0.00 − 4.56 4.49 2.37 0.00 9.76 7.61
112Sn 0.00 − 4.60 4.50 2.43 0.00 9.41 8.38
114Sn 0.00 − 4.64 4.52 2.31 0.00 9.09 9.13
116Sn 0.00 − 4.67 4.53 2.02 0.00 8.69 9.85
118Sn 0.00 − 4.71 4.55 2.04 0.00 8.28 10.55
120Sn 0.00 − 4.75 4.56 0.00 0.00 8.50 10.94
122Sn 0.00 − 4.78 4.57 1.70 0.00 7.61 11.94
124Sn 0.00 − 4.81 4.59 1.68 0.00 7.34 12.67
126Sn 0.00 − 4.84 4.60 1.61 0.00 7.10 13.40
128Sn 0.00 − 4.87 4.61 1.46 0.00 6.85 14.13
130Sn 0.00 − 4.90 4.62 1.19 0.00 6.54 14.86
132Sn 0.00 − 4.93 4.64 0.00 0.00 8.00 15.56
134Sn 0.00 − 4.99 4.65 0.78 0.00 2.00 15.93
136Sn 0.00 − 5.04 4.67 1.30 0.00 2.10 16.39
138Sn 0.00 − 5.10 4.69 1.61 0.00 2.09 16.63
140Sn 0.00 − 5.14 4.71 1.66 0.00 1.94 17.22
